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Background

Outline

@ Background: toggles and rowmotion on order ideals and
antichains of posets.

@ Focus on the antichain toggle group and construct an
explicit isomorphism with the order ideal toggle group.

@ Generalize to Stanley’s order polytope and chain polytope
of posets.



Background
The toggle group of order ideals

Let P be a poset. Let A(P), J(P), F(P) denote the sets of
antichains, order ideals, and order filters of P respectively.

Definition (Cameron and Fon-Der-Flaass 1995)

Let e € P. Then the order ideal toggle corresponding to e is
the map t. : J(P) — J(P) defined by

ITUu{e} ifedgIand IU{e} e J(P),
te(I) =< I\{e} ifeelandI\{e} e J(P),

I otherwise.



Background

The toggle group of order ideals

Tu{e} ifegland IU{e} € J(P)
te(I) =4 I\{e} ifeelandI\{e} e J(P)
1 otherwise

f f
td /@\
a b c
Since d is not in the original order ideal, and adding d results
in an order ideal, we add d in.

e
a b c



Background

The toggle group of order ideals

Tu{e} ifegland IU{e} € J(P)
te(I) =4 I\{e} ifeelandI\{e} e J(P)

I otherwise
f f
d e tf d e
—
a b C a b C

Now f is not in the original order ideal, but adding f does not
result in an order ideal. So ¢ does nothing.



Background

The toggle group of order ideals

Tu{e} ifegland IU{e} € J(P)
te(I) =4 I\{e} ifeelandI\{e} e J(P)
1 otherwise

S f
a b c

Since a is in the order ideal, and removing a still results in an
order ideal, we remove a.

e
a b c



Background

The toggle group of order ideals

Tu{e} ifegland IU{e} € J(P)
te(I) =4 I\{e} ifeelandI\{e} e J(P)
1 otherwise

S J
a b c

Since b is in the order ideal, and removing b does not result in
an order ideal, t; does nothing.

e
a b c



Background
The toggle group of order ideals

The toggle group of J(P), denoted Tog,(P), is the
subgroup of & ;(p) generated by all toggles {t. | e € P}.

Theorem (Cameron and Fon-Der-Flaass 1995)

For a finite connected poset P, Tog ;(P) is either the
symmetric group & y(py or alternating group A ;py on J(P).




Background

Order ideal rowmotion

One particular element of the toggle group Tog ;(P) is called
order ideal rowmotion and denoted Row ;.

Let (x1,2,...,2,) be any linear extension of a finite poset P.
Then Row; =t,,t,, -+ ts,.
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Order ideal rowmotion
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Background

Order ideal rowmotion

One particular element of the toggle group Tog;(P) is called
order ideal rowmotion and denoted Row ;.

Let (1,9, ...,x,) be any linear extension of a finite poset P.
Then Row; =t,,t., - - ts, .

Example

=
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Background

Rowmotion

For some specific families of posets (e.g. root posets, zigzag
posets, products of chains), various phenomena have been
discovered for rowmotion including

@ the order of the map being easy to describe in general
@ cyclic sieving
@ homomesy

@ resonance
°

equivariant bijections



Background

Another way to describe rowmotion

There are natural bijections between A(P), J(P), and F(P).
e Complementation is a bijection between J(P) and F(P).
@ An antichain A generates an order ideal
I(A) :={z € P |z <y for some y € A} whose set of
maximal elements is A.
@ An antichain A generates an order filter
F(A):={z € P|x >y for some y € A} whose set of
minimal elements is A.

o
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Background

Another way to describe rowmotion

There are natural bijections between A(P), J(P), and F(P).
e Complementation is a bijection between J(P) and F(P).
@ An antichain A generates an order ideal
I(A) :={z € P |z <y for some y € A} whose set of
maximal elements is A.
@ An antichain A generates an order filter
F(A):={z € P|x >y for some y € A} whose set of
minimal elements is A.

F—l
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Background

Another way to describe rowmotion

Row, : J(P)“™ F(P) F5 A(P) - J(P)
@ complement
@ take minimal elements

@ generate order ideal

Example (Row )



Background

Antichain rowmotion

Rows : A(P) -5 J(P) ™ p(p) F25 A(P)
Row, : J(P)“™ F(P) F5 A(P) - J(P)

:< > < > com ( > F_ |< >:
Example (Row )
PO OIS



Background

Antichain rowmotion

We call Row 4 antichain rowmotion.

Example (Row 4)

AN

I_
i

A(P) A(P)
] [
J(P J(P)




Background

The toggle group of antichains

Striker has generalized the notion of toggles relative to any set
of “allowed” subsets, not necessarily order ideals.

Definition

Let e € P. Then the antichain toggle corresponding to e is
the map 7. : A(P) — A(P) defined by

AuU{e} ifed Aand AU {e} € A(P),
T(A) =< A\{e} ifeecA,
A otherwise.

Let Tog 4(P) denote the toggle group of A(P) generated by
the toggles {7. | e € P}.



Background

The toggle group of antichains

AU{e} ifeg Aand AU {e} € A(P),
T.(A)=<¢ A\{e} ifee A,

A otherwise.
/ /
d e Tc \ d e
a b C a b c

Adding c results in an antichain, so 7. adds c in.



Background

The toggle group of antichains

AU{e} ifeg Aand AU {e} € A(P),
T.(A)=<¢ A\{e} ifee A,

A otherwise.
/ /
d e b \ d e
a b c a b c

Adding b does not result in an antichain, so 7, does nothing.



Background

The toggle group of antichains

AuU{e} ifed Aand AU {e} € A(P),
T(A)=¢ A\ {e} ifee A,

A otherwise.
f f
d e 7d \ d e
a b c a b c

Notice that (unlike order ideals) we can always remove an
element out of an antichain and still get an antichain.
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Antichain and order ideal toggles are different




Background

Antichain and order ideal toggles are different

f S
m - m
a b c a b c
l Lt
f f
m m
a b c a b c
Note that we use . to refer to the order ideal toggles, and we
use T, to refer to the antichain toggles.



Background
The toggle groups

Theorem (Cameron and Fon-Der-Flaass 1995)

For a finite connected poset P, Tog ;(P) is either the
symmetric group & j(py or alternating group A ;py on J(P).

Theorem (Striker)

For a finite connected poset P, Tog 4(P) is either the
symmetric group & 4(py or alternating group A 4py on A(P).




Background
The toggle groups

Theorem (Cameron and Fon-Der-Flaass 1995)

For a finite connected poset P, Tog ;(P) is either the
symmetric group & j(py or alternating group A ;py on J(P).

Theorem (Striker)

For a finite connected poset P, Tog 4(P) is either the
symmetric group & 4(py or alternating group A 4py on A(P).

Now we will describe an explicit isomorphism between
Tog ;(P) and Tog 4(P).



Connection between order ideal toggles and antichain toggles

How order ideal toggles act on antichains

Fore € P, let {ey,...,er} be the (possibly empty) set of
elements that e covers. Define t} € Tog ,(P) as

R
te = Te1Tey " " " TepTeTer Tey ™ * * Tey,

In particular, if e is a minimal element of P, then ¢} = 7.

Theorem (J.)
The following diagram commutes.

te
A(P)

A(P)
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How order ideal toggles act on antichains

*
t, = TeyTeaTesTeTer Tes Tes
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Connection between order ideal toggles and antichain toggles

How antichain toggles act on order ideals

® 7). i=ty ty, - - ty, Where (x1,29,...,2) is a linear
extension of the subposet {z < e} of P.

@ If e is minimal in P, then 7, is the identity.
o 7} = neten; '

Theorem (J.)

The following diagram commutes.
Te




Connection between order ideal toggles and antichain toggles

How antichain toggles act on order ideals

Ne22 = tantalen
Tho) = Neatea)lzy = tontoptenteatentantor)

C& 7’(272) C&

1l 11

&= = = &= s = -
tay ¥ taz) Y ten ¥ tee) Y ten Y taz) Y ta)




Connection between order ideal toggles and antichain toggles

Isomorphism between Tog ,(P) and Tog;(P)

Corollary (J.)

There is an isomorphism from Tog ,(P) to Tog ;(P) given by
Te = T, with inverse given by t. — t}.



Connection between order ideal toggles and antichain toggles

Isomorphism between Tog ,(P) and Tog;(P)

Corollary (J.)

There is an isomorphism from Tog ,(P) to Tog ;(P) given by
Te — T, with inverse given by t. — t}.

Theorem (Striker, J.)

Let (x1,xs,...,x,) be any linear extension of a finite poset P.
Then Row a4 = 7y, + Ty T, -

Note that antichain rowmotion is a product of antichain
toggles, just as order ideal rowmotion is a product of order
ideal toggles, but in the opposite order.



Connection between order ideal toggles and antichain toggles

Antichain rowmotion as a product of toggles

Example (Row 4)
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Piecewise-linear generalization to poset polytopes

Poset polytopes

Stanley (1986) defined some polytopes associated with posets.

e C(P) is the chain polytope of P, the set of f € [0,1]"

such that > f(x;) <1 for all chains z; < x9 < -+ < .
i=1

e OR(P) is the order-reversing polytope of P, the set of
all order-reversing labelings f € [0, 1]

@ OP(P) is the order-preserving polytope of P, the set
of all order-preserving labelings f € [0, 1]7.

7N
0.7 0 e C(P)

NN
0.1 0 0.3
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Poset polytopes

Stanley (1986) defined some polytopes associated with posets.
e C(P) is the chain polytope of P, the set of f € [0,1]"

such that > f(x;) <1 for all chains z; < x9 < -+ < .

i=1

e OR(P) is the order-reversing polytope of P, the set of
all order-reversing labelings f € [0, 1]

@ OP(P) is the order-preserving polytope of P, the set
of all order-preserving labelings f € [0, 1]7.

0.2



Piecewise-linear generalization to poset polytopes

Poset polytopes

Stanley (1986) defined some polytopes associated with posets.
e C(P) is the chain polytope of P, the set of f € [0,1]"

such that > f(x;) <1 for all chains z; < x9 < -+ < .

i=1

e OR(P) is the order-reversing polytope of P, the set of
all order-reversing labelings f € [0, 1]

@ OP(P) is the order-preserving polytope of P, the set
of all order-preserving labelings f € [0, 1]7.

0.8



Piecewise-linear generalization to poset polytopes

Poset polytopes

We can associate an indicator function to any subset of P.
0
/N
0 1
/N /N
1 0 0

—



Piecewise-linear generalization to poset polytopes

Poset polytopes

We can associate an indicator function to any subset of P.
0
/N
0 1
/N /N
1 0 0

—

A(P), J(P), F(P) are precisely the vertices of these polytopes
in which every element of P is labeled with 0 or 1.

AP) = C(P)n{0,1}"

J(P) = OR(P)n{0,1}”
F(P) = OP(P)n{0,1}"



Piecewise-linear generalization to poset polytopes

The poset P

The goal now is to extend the definitions of toggles from the
combinatorial sets A(P), J(P) to polytopes C(P), OR(P).



Piecewise-linear generalization to poset polytopes

The poset P

The goal now is to extend the definitions of toggles from the
combinatorial sets A(P), J(P) to polytopes C(P), OR(P).

For any poset P, we will refer to a new poset P by adjoining a
new minimal element m and new maximal element M.



Piecewise-linear generalization to poset polytopes

Extending labelings from P to P

0
For f € OR(P), we extend 0:2
to P by setting f(m) = 1 0_9/ | \0.2
. /7 N\ / N\
and f<M> = 0. L 09 08
T
1
For f € OP(P), we extend 0‘8
to P by setting f () = 0 0_1/ . \0.8
A SN SN
and f (M) — 1 Q\\ 0‘1 //0;5
’

A

We need not extend elements of the chain polytope to P.



Piecewise-linear generalization to poset polytopes

Toggles on OR(P)

Definition (Einstein and Propp)
Let e € P. Then we define t. : OR(P) — OR(P) as follows.

Let L = max f(y) and R = min f(y) in P.
y>e y<e

if v #£e

_ | f@)
(te(f))(x)—{ L+R—f(e) ifz=e
0 0
0 0 0.1+05—-04=0.2
/N / N\
0.1 0.1 0.1 0.1
N4 /7 N /7 N\
AN N/ \/
0.8 .7 0.8 0.7
J N /
0.9 0.9
i



Piecewise-linear generalization to poset polytopes

Toggles on OR(P)

Definition (Einstein and Propp)
Let e € P. Then we define t. : OR(P) — OR(P) as follows.

Let L = max f(y) and R = min f(y) in P.
y>e y<e

if v #£e

(@)
@ ={ 195 e el
0 0
0 0 0.74+41-09=0.8
7N\ 7N\
0.1 0.1 0.1 0.1
/7 N\ 7 7 N/ N\
0.5 0.4 07 — 0.5 0.4 0.7
7\ N/ \/
0.5 0.7 0.5 0.7
N / N /
0.9 0.8



Piecewise-linear generalization to poset polytopes

Toggles on the chain polytope C(P)

To define 7. : C(P) — C(P), given g € C(P) and e € P, 7.(g)
can only differ from g at the value of e.

(1e(g))(e) = 1 — max { Zg@l) (y1,.--,Yyk) is a chain }

in P that contains e

0‘1 0‘1/ 0
0.1 0.2
0.6 > yd
0.4 g
AN
0



Piecewise-linear generalization to poset polytopes

Toggles on the chain polytope C(P)

To define 7. : C(P) — C(P), given g € C(P) and e € P, 7.(g)
can only differ from g at the value of e.

- ( ) is a chain
(7—6(9))(€> — 1_maX{Zg(yi) Yis -5 Yk }

in P that contains e
0.1 0.1 0

1/

1

o\

AN
H\

O

/-J>

02+0+01+014+01=0.5
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Toggles on the chain polytope C(P)

To define 7. : C(P) — C(P), given g € C(P) and e € P, 7.(g)
can only differ from g at the value of e.

- ( ) is a chain
(7—6(9))(€> — 1_maX{Zg(yi) Yis -5 Yk }

in P that contains e
0.1 0.1 0

e

1 0.2

N

o\

N

0

—

/-J>

024+0+01+02+0=0.5



Piecewise-linear generalization to poset polytopes

Toggles on the chain polytope C(P)

To define 7. : C(P) — C(P), given g € C(P) and e € P, 7.(g)
can only differ from g at the value of e.

- ( ) is a chain
(7—6(9))(€> — 1_maX{Zg(yi) Yis -5 Yk }

in P that contains e
0.1 0.1 0

1/

1

o\

AN
H\

O

/-J>

02+0+01+02+401=06



Piecewise-linear generalization to poset polytopes

Toggles on the chain polytope C(P)

To define 7. : C(P) — C(P), given g € C(P) and e € P, 7.(g)
can only differ from g at the value of e.

- ( ) is a chain
(7—6(9))(€> — 1_maX{Zg(yi) Yis -5 Yk }

in P that contains e
0.1 0.1 0

1/

1 0.2

N

o\

N

0

—

/-J>

03+014+0240.1=0.7



Piecewise-linear generalization to poset polytopes

Toggles on the chain polytope C(P)

To define 7. : C(P) — C(P), given g € C(P) and e € P, 7.(g)
can only differ from ¢ at the value of e.

- ( ) is a chain
(7e(g9))(e) = 1 — max { Zg(yz) Yir -5 Yk }

in P that contains e

0‘1 0‘1/0
0.1
/ \ /
04
T
0.2 0.3

0.7ismaxand 1 —0.7=0.3



Piecewise-linear generalization to poset polytopes

Piecewise-linear toggling vs. combinatorial toggling

@ Some properties of combinatorial toggles (antichains and
order ideals) need not extend to the piecewise-linear
setting (chain polytope and order polytope).
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@ However, for certain "nice” posets (like products of two
chains), various properties of combinatorial rowmotion
(surprisingly) extend to piecewise-linear (and furthermore
birational) rowmotion (Einstein-Propp, Grinberg-Roby).



Piecewise-linear generalization to poset polytopes

Piecewise-linear toggling vs. combinatorial toggling

@ Some properties of combinatorial toggles (antichains and
order ideals) need not extend to the piecewise-linear
setting (chain polytope and order polytope).

@ For a finite poset P, A(P) and J(P) are finite sets, so
rowmotion on these must have finite order. On polytopes,
however, the order of rowmotion need not be finite.

@ However, for certain "nice” posets (like products of two
chains), various properties of combinatorial rowmotion
(surprisingly) extend to piecewise-linear (and furthermore
birational) rowmotion (Einstein-Propp, Grinberg-Roby).

@ The isomorphism from earlier between Tog 4(P) and
Tog ;(P) lifts to a piecewise-linear isomorphism between
Tog.(P) and Tog,(P).



Piecewise-linear generalization to poset polytopes

Bijections between C(P), OR(P), and OP(P)

Stanley’s “transfer map” gives a natural extension of
@ the bijection | : A(P) — J(P) to OR : A(P) — OR(P),
e the bijection F: A(P) — F(P) to OP : A(P) — OP(P).



Piecewise-linear generalization to poset polytopes

Relation between toggles on C(P) and OR(P)

(Definition

O 1 1= Te Tey *TeyTeTeyTey -+ Te,, Where {eq, ..., ex} are
the elements that e covers.

@ 7)o i=ty lyy - -ty Where (x1,29,...,2) is a linear
extension of the subposet {z < e} of P.

o TS i=mntn !
are defined as before, but now ¢, : OR(P) — OR(P) and
7. : C(P) — C(P) are the piecewise-linear toggles.

t* Te

C(P) ——— C(P) C(P) C(P)
OR | |or OR | |or
OR(P) OR(P) OR(P)————O0R(P)




Piecewise-linear generalization to poset polytopes

Future research

e By “detropicalizing” the operations, generalize toggles on
chain polytopes to birational toggles, similar to what
Einstein, Grinberg, Propp, Roby have done for toggles on
order polytopes.

@ How can we use the isomorphisms discussed here to
translate homomesy results between antichains and order
ideals, or between the chain and order polytopes?
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